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Abstract
A Floquet systems is a periodically driven quantum system. It can be described by
a Floquet operator. If this unitary operator has a gap in the spectrum, then one can
define associated topological bulk invariants which can either only depend on the bands
of the Floquet operator or also on the time as a variable. It is shown how a K-theoretic
result combined with the bulk-boundary correspondence leads to edge invariants for the
half-space Floquet operators. These results also apply to topological quantum walks.
1 Introduction
In the theory of fermionic topological insulators one associates non-trivial topological invariants
to the bands of the possibly disordered one-particle Hamiltonians [19, 16]. For a periodically
driven quantum system, it is convenient to study the associated Floquet operator and its quasi-
energy spectrum. For its bands, one can readily apply the standard definitions of topological
invariants (even in presence of disorder), but as stressed in [18] and further developed in [9] it
is also possible to define new topological invariants which involve the time as a supplementary
parameter. For two-dimensional periodically driven systems, it was then argued in [18] that
these new invariants can lead to topological edge states for the half-space Floquet operator,
even if the bands themselves have vanishing bulk invariants. These new states were called
anomalous edge states [18]. A similar phenomenon also appears for one-dimensional driven
systems if a chiral symmetry is present [1, 9]. In this paper, the claims about anomalous edge
states from [18] are rigorously proved also for disordered time-periodic Hamiltonians and in
arbitrary space dimension.
The proof is based on the bulk-boundary correspondence for topological insulators [16]
combined with a key mathematical result on connecting maps in K-theory. It is formulated in
Theorem 2 for topological Floquet systems, but the central part of the proof actually leads to the
following abstract statement that we believe to be of independent interest. In its formulation,
standard notions of K-theory as described in [17, 21, 16] will be freely used.
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Theorem 1 Let 0 → E → B → A → 0 be an exact sequence of C∗-algebras with B and A
unital. Suppose given a differentiable path (0, 2π) 7→ U(t) ∈ A specifying a class in the K1-
group K1(SA) of the suspension of A. Under the index map Ind : K1(SA) → K0(SE) and
inverse suspension map Θ−1 : K0(SE)→ K1(E), one has
Θ−1(Ind([(0, 2π) 7→ U(t)]1)) = [Û(2π)]1 ,
where Û(2π)− 1 ∈ E is the end point of the initial value problem
ı ∂tÛ(t) = Ĥ(t) Û(t) , Û(0) = 1 ,
associated to a self-adjoint lift Ĥ(t) ∈ B of H(t) = −ı U(t)∂tU(t)
∗ ∈ A.
Let us stress that the initial value problem is solved in B so that the path (0, 2π) 7→ Û(t)
lies in B, but it is shown that the end point Û(2π) − 1 lies in the ideal E . Furthermore, the
identity Θ−1 ◦ Ind = Exp◦β−1 allows to rewrite the result in terms of the exponential map and
Bott map. The proof of this result will be given in Section 3 after the proof of Theorem 2.
Quantum walks is another field of research where gapped unitary operators over a lattice
Hilbert space appear naturally [14, 15, 7, 2]. The archetypical two-dimensional quantum walk
is the Chalker-Coddington model [6]. When restricted to a half-space, it has topological edge
states [11]. Their topological origin was uncovered only very recently [7]. In fact, it was
shown in [7] that any quantum walk with topologically trivial steps can be understood as
a periodically driven system with suitably chosen Hamiltonian. The Floquet operator of this
system then coincides with the unitary evolution operator of the quantum walk. Hence the bulk-
boundary correspondence proved below can also be applied to quantum walks. Interestingly,
for the Chalker-Coddington model all bands have vanishing standard invariants (namely, Chern
numbers) and the edge states found in [11] are actually anomalous.
Below we will freely use the description of covariant operator families by means of a crossed
product C∗-algebra as well as the non-commutative analysis tools thereon. A brief summary
of the notations is included for the convenience of the reader in Appendix A, but it may be
necessary to go back to the detailed treatment given in [4] or [16].
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the Instituto de Matematicas (UNAM), Cuernavaca, for its hospitality during a visit in July
2017 when this work was written. We also thank an unknown referee for a careful reading and
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2 Bulk Floquet operators and their invariants
Let t 7→ H(t) = H(t)∗ ∈ Ad be a 2π-periodic family of covariant Hamiltonians on ℓ
2(Zd,CL),
see Appendix A for the definition of such families and the C∗-algebra Ad. For the following,
continuity properties of this path in t are not of importance. The associated time-evolution is
then a differentiable path of unitaries t 7→ U(t) ∈ Ad satisfying
ı ∂tU(t) = H(t)U(t) , U(0) = 1 . (1)
The evolution U(2π) over one time period 2π is then called the Floquet operator and is denoted
by U = U(2π) ∈ Ad. Its (almost sure) spectrum on S
1 is called the quasi-energy spectrum.
The Floquet operator U itself is topologically trivial in the sense that [U ]1 = 0 in K1(Ad)
because the solution of (1) provides a path connecting it to the identity. If, however, there
are gaps in the quasi-energy spectrum σ(U) of U , there are interesting topological invariants
[18, 9, 7]. First let us suppose that U has two gaps eıθ, eıθ
′
6∈ σ(U) with 0 ≤ θ < θ′ < 2π. Then
there is a spectral projection P[θ,θ′] ∈ Ad of U on the band with quasienergies between e
ıθ and
eıθ
′
. This projection specifies a class [P[θ,θ′]]0 in K0(Ad) with even Chern numbers ChI(P[θ,θ′])
defined next. In the notations of [16], I ⊂ {1, . . . , d} is here a subset of even cardinality n = |I|
and, for any differentiable projection P ∈ Ad,
ChI(P ) =
(2ıπ)
n
2
n
2
!
∑
ρ∈SI
(−1)ρ T
(
P ∇ρ1P · · ·∇ρnP
)
, (2)
where SI denotes the n! permutations on I with signature (−1)
ρ, T the trace per unit volume
and ∇j the non-commutative derivatives, cf. Appendix A. The best-known even Chern number
is Ch{1,2}(P ) which plays a prominent role in the theory of the integer quantum Hall effect [16].
The even bulk invariant ChI(P[θ,θ′]) only depends on the Floquet operator U , and not on the
entire time evolution. It was shown in [18, 9] that there are further bulk invariants which do
depend on the whole path t ∈ [0, 2π] 7→ U(t). For their definition, suppose that eıθ 6∈ σ(U) for
θ ∈ [0, 2π) and introduce an effective Hamiltonian hθ ∈ Ad by
hθ = −
1
2πı
logθ(U) .
Here logθ denotes the natural logarithm with branch cut along the line r ∈ [0,∞) 7→ re
ıθ,
namely logθ(e
ıθ) = ı(θ−2π) and limǫ↓0 logθ(e
ı(θ−ǫ)) = ıθ. The spectrum of hθ lies in (−
θ
2π
, 1− θ
2π
).
By construction, one has U = e−2πıhθ . Then set
Hθ(t) =
{
2H(2t) , t ∈ [0, π] ,
− 2 hθ , t ∈ (π, 2π] .
(3)
Now the periodized time evolution Vθ is introduced by
ı ∂tVθ(t) = Hθ(t) Vθ(t) , Vθ(0) = 1 . (4)
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The terminology reflects that
Vθ(0) = Vθ(2π) = 1 .
Let us note that the loop t ∈ [0, 2π] 7→ Vθ(t) ∈ Ad is homotopic to t ∈ [0, 2π] 7→ U(t) e
ıthθ
(see also [5]). These loops specify a class [Vθ]1 = [t ∈ (0, 2π) 7→ Vθ(t)]1 in K1(SAd) where
SAd = C0((0, 2π),Ad) denotes the suspension of Ad. More precisely, as SAd is not unital,
and one has the class of the unitary (t ∈ (0, 2π) 7→ (Vθ(t) − 1, 1)) in the unitization (SAd)
+.
From this class, one can extract odd Chern numbers ChJ(Vθ), again by using the formulas from
[16]. Let us consider the time to be the 0-th coordinate and set ∇0 = ∂t. For an index set
J ⊂ {0, 1, . . . , d} of odd cardinality m = |J | and containing 0, the odd Chern numbers are then
defined by (cf. Sections 2.3.1 and 5.4 in [16])
ChJ(V ) =
ı (ıπ)
m−1
2
m!!
∑
ρ∈SJ
(−1)ρ T s
(
(V ∗ − 1)∇ρ1V (∇ρ2V
∗∇ρ3V ) · · · (∇ρm−1V
∗∇ρmV )
)
, (5)
where the suspended trace per unit volume T s =
∫ 2π
0
dt
2π
T contains a normalized integral over
time, see also [16]. Note that for m = 1 this reduces to the winding number, and for m = 3 to
the higher winding number used in [18]. Odd Chern numbers can also be defined for the bands
of the Floquet operator when a chiral symmetry is present [9], but this will not be further
analyzed here. Now all these invariants are not independent. In fact, as already pointed out
in [18, 9], the odd Chern numbers ChJ(Vθ) associated to different gaps are connected by the
following formulas.
Proposition 1 Let I ⊂ {1, . . . , d} be an index set of even cardinality. For eıθ, eıθ
′
6∈ σ(U) in
two gaps of the quasi-energy spectrum with 0 ≤ θ < θ′ < 2π, one has
Ch{0}∪I(Vθ′) − Ch{0}∪I(Vθ) = ChI(P[θ,θ′]) .
Proof. This is rooted in a K-theoretic fact, namely the Bott map β : K0(Ad) → K1(SAd)
satisfies
β([P[θ,θ′]]0) = [Vθ]1 − [Vθ′]1 .
Indeed, using hθ − hθ′ = P[θ,θ′],
[Vθ]1 − [Vθ′ ]1 = [V
∗
θ′Vθ]1 = [e
−ıt(hθ′−hθ)]1 = [e
ıtP[θ,θ′]]1 = [(1− P[θ,θ′]) + e
ıtP[θ,θ′]]1 ,
which is precisely the definition of β. Now the result follows from the homomorphism property
of the Chern numbers and Theorem 5.4.1 in [16], or alternatively just a direct calculation. ✷
Let us point out (as in [18]) that the following situation is possible: the Floquet operator has
two gaps and two bands, both of which have vanishing Chern numbers; nevertheless, the two
odd invariants Ch{0}∪I(Vθ′) and Ch{0}∪I(Vθ) can be non-trivial according to Proposition 1. This
is precisely the situation in the Chalker-Coddington model [7], see Section 4. In the following
section, we shall show that these non-trivial invariants also lead to edge states.
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3 Bulk-boundary correspondence for Floquet systems
The first version of the bulk-boundary correspondence (BBC), Proposition 2 below, only invokes
the invariants calculated from the orthogonal projections P[θ,θ′] on the bands of the Floquet
operator. This is in complete analogy with the theory of topological insulators [13, 16]. The
second and new version involving invariants depending on the time evolution is given afterwards
in Theorem 2 and Corollary 1.
Let us begin by describing what a Floquet system with boundary is (see [16], Section 7.7).
The half-space Hamiltonian Ĥ(t) is a (Dirichlet) restriction of H(t) to the half-space Hilbert-
space ℓ2(Zd−1×N,CL). It can be modified by a local boundary condition depending periodically
on time (as in (24)). Associated with it is a time evolution in the Toeplitz extension T (Ad)
described in the appendix by
ı ∂tÛ(t) = Ĥ(t) Û(t) , Û(0) = 1̂ , (6)
where 1̂ is the identity on the half-space. Again the Floquet operator is Û = Û(2π) ∈ T (Ad).
It is a unitary lift of U , namely with the projection π onto the bulk as defined in (25), one has
π(Û) = U . The fact that such a unitary lift indeed exists reflects that [U ]1 = 0. The choice of
unitary lift is determined by the boundary conditions included in Ĥ(t) and it clearly depends
on the whole path t ∈ [0, 2π] 7→ Û(t). Actually, one has π(Û(t)) = U(t) for every t due to
the locality of Ĥ(t). Thus the path t ∈ [0, 2π] 7→ Û(t) is a lift of t ∈ [0, 2π] 7→ U(t) from the
suspension SAd to the suspension S T (Ad) of the Toeplitz algebra. However, if U = 1, then
π(Û) = 1 so that Û ∈ E+d lies in the ideal of edge operators, while the path t ∈ [0, 2π] 7→ Û(t)
does not. This is a key feature analyzed in detail in the proof of Theorem 2 below.
Let us now first suppose that there are two gaps eıθ, eıθ
′
6∈ σ(U) with 0 ≤ θ < θ′ < 2π with
a spectral projection P[θ,θ′] ∈ Ad of U as used in Section 2. Due to the existence of the gaps,
this spectral projection can be written as a smooth function Gθ,θ′ : S
1 → [0, 1] of U :
P[θ,θ′] = Gθ,θ′(U) .
Note that necessarily (Gθ,θ′)
′ is supported in the two gaps of U . This representation leads to a
lift Gθ,θ′(Û) of P[θ,θ′] into the Toeplitz extension which can be used to write out the image of
the exponential map Exp : K0(Ad)→ K1(Ed), similar as in [13, 16]:
Exp[P[θ,θ′]]0 = [e
−2πıGθ,θ′ (Û)]1 . (7)
To extract a topological number from the r.h.s., we will need to take a suitable trace T˜ of
half-space operators. It is given by the trace per unit volume on Zd−1 combined with the usual
trace in the d-th direction, see Appendix A. Now for a differentiable unitary V˜ ∈ E+d such that
V˜ − 1 is T˜ -traceclass, the boundary invariants associated to an index set J ⊂ {1, . . . , d− 1} of
odd cardinality m are defined similarly as in (5) by (cf. Section 5.3 in [16])
C˜hJ(V˜ ) =
ı (ıπ)
m−1
2
m!!
∑
ρ∈SJ
(−1)ρ T˜
(
(V˜ ∗ − 1)∇ρ1 V˜ (∇ρ2 V˜
∗∇ρ3 V˜ ) · · · (∇ρm−1 V˜
∗∇ρm V˜ )
)
.
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Note, however, that other than in (5) no time derivative is involved here. Now the BBC of [13]
or Theorem 5.5.1 in [16] immediately implies:
Proposition 2 Let J ⊂ {1, . . . , d− 1} be an index set of odd cardinality. For eıθ, eıθ
′
6∈ σ(U)
in two gaps of the quasi-energy spectrum with 0 ≤ θ < θ′ < 2π, one has
ChJ∪{d}(P[θ,θ′]) = C˜hJ(e
−2πıGθ,θ′(Û)) . (8)
Let us now give an interpretation of the boundary invariants in dimension d = 2 by imitating
the definition of edge channels for quantum Hall systems [20, 13, 8].
Definition 1 Let Û be a half-space Floquet operator in physical dimension d = 2. If eıθ is in
a gap of the associated Floquet operator U , then the number Nθ of (oriented) edge bands at e
ıθ
is defined by
Nθ = − 2πı T˜
(
(Gθ)
′(Û) Û∗∇1Û
)
, (9)
where (Gθ)
′ : S1 → [0,∞) is a smooth function supported in the gap of U of unit integral, i.e.∫ 2π
0
dϕ (Gθ)
′(eıϕ) = 1 .
Let us note that, first of all, the operator (Gθ)
′(Û) is indeed T˜ -traceclass [16] so that the
r.h.s. of (9) makes sense. Second of all, the r.h.s. is indeed independent of the particular choice
of (Gθ)
′ and it is an integer number. This follows from the proof of Proposition 3 below.
Proposition 3 Let d = 2. For eıθ, eıθ
′
6∈ σ(U) in two gaps of the quasi-energy spectrum of U ,
one has
Ch{1,2}(P[θ,θ′]) = Nθ − Nθ′ . (10)
Proof. (This follows closely Proposition 7.1.2 in [16]) Let us start from the r.h.s. of (8). As
d = 2, one necessarily has J = {1} so that for any integer n 6= 0 by the additivity of the odd
Chern number,
Ch{1,2}(P[θ,θ′]) = C˜h{1}(e
−2πıGθ,θ′(Û )) =
1
n
C˜h{1}(e
−2πınGθ,θ′ (Û)) .
Writing this out explicitly, one obtains using the cyclicity of the trace
Ch{1,2}(P[θ,θ′]) =
ı
n
T˜
(
(e2πınGθ,θ′(Û ) − 1)∇1e
−2πınGθ,θ′ (Û)
)
= 2π T˜
(
(1− e−2πınGθ,θ′ (Û))∇1Gθ,θ′(Û)
)
= − 2πı T˜
(
(1− e−2πınGθ,θ′ (Û)) (Gθ,θ′)
′(Û) Û∗∇1Û
)
,
where
(Gθ,θ′)
′(eıϕ) = ∂ϕ
(
Gθ,θ′(e
ıϕ)
)
= ı u ∂u
(
Gθ,θ′(u)
)
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As this holds for all n 6= 0, a Fourier series argument as at the end of the proof of Proposi-
tion 7.1.2 in [16] shows
Ch{1,2}(P[θ,θ′]) = − 2πı T˜
(
(Gθ,θ′)
′(Û) Û∗∇1Û
)
.
Finally recall that (Gθ,θ′)
′ is supported by two gaps of U and has integrals equal to 1 and −1
on these gaps. Thus, it can be written as
(Gθ,θ′)
′ = (Gθ)
′ − (Gθ′)
′ ,
with two functions (Gθ)
′ and (Gθ′)
′ as appearing in Definition 1. This concludes the proof. ✷
Let us now analyze the odd Chern numbers Ch{0}∪I(Vθ) defined in (5) and appearing in
Proposition 1. For that purpose, we start by considering the path t ∈ [0, 2π] 7→ Vθ(t) specifying
a class [Vθ]1 ∈ K1(SAd). One way to proceed is to apply the inverse of the Bott map β
−1 :
K1(SAd)→ K0(Ad) to obtain a projection class [P ]0 = β
−1([Vθ]1) ∈ K0(Ad) and then to apply
the exponential map Exp : K0(Ad)→ K1(Ed) similar as in (7) to produce a possibly non-trivial
unitary in the edge algebra. The problem with approach this is that the map β−1 is quite
involved (see the Atiyah-Bott proof of the surjectivity of β). On the other hand, one can make
use of the commutative diagram
K1(SAd)
β−1
✲ K0(Ad)
K0(SEd)
Ind
❄
Θ−1
✲ K1(Ed)
Exp
❄
to calculate Exp ◦ β−1 = Θ−1 ◦ Ind. As we shall see, the evaluation of the index map is
straightforward, and also the calculation of the inverse suspension map Θ−1 is possible, e.g. as
in Theorem 4.1.9 in [16].
Theorem 2 Let eıθ 6∈ σ(U) be in a gap of the Floquet operator and let θ′ be a point not lying
in that gap. Further let Gθ : S
1 → [0, 1] be a smooth function except at eıθ
′
such that G′θ is as
in Definition 1. Then
Θ−1(Ind([Vθ]1)) = [e
−2πıGθ(Û )]1 .
Proof. Let us note that Gθ(Û) is not in T (Ad) because Gθ is discontinuous and has a jump
of 1 at eıθ
′
. However, e−2πıGθ(Û) is a continuous function of Û and thus in T (Ad). Moreover,
the smooth function fθ(e
ıϕ) = e−2πıGθ(e
ıϕ) − 1 is entirely supported by the gap of U . As Û is
a lift of U , this implies that e−2πıGθ(Û) − 1̂ is indeed a T˜ -traceclass element of Ed [8, 16]. Note
that here 1̂ is the adjoint unit in E+d , which is identified with identity operator on the upper
half-space. Thus indeed [e−2πıGθ(Û )]1 ∈ K1(Ed).
Furthermore, the spectrum of the operators Ueıshθ = eı(s−2π)hθ lies outside of the support
of fθ for all s ∈ [0, 2π]. Hence its lift Ûe
ıshˆθ , which is not equal to eı(s−2π)hˆθ , also leads to
T˜ -traceclass elements e−2πıGθ(Ûe
ıshˆθ ). This can be used as a homotopy to establish
[e−2πıGθ(Û )]1 = [e
−2πıGθ(Ûe
2piıhˆθ )]1 . (11)
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But the solution to
ı ∂tÛθ(t) = Ĥθ(t) Ûθ(t) , Ûθ(0) = 1̂ ,
where Ĥθ(t) is the half-space restriction of Hθ(t) given by (3), is given by
Ûθ(t) =
{
Û(2t) , t ∈ [0, π] ,
Û e2(t−π)ı hˆθ , t ∈ (π, 2π] .
In particular, Ûθ(2π) = Ûe
2πıhˆθ . Replacing this in (11) and using the time evolution (4) instead
of (1) shows that it is sufficient to consider the special case U = U(2π) = 1. Hence from
now on V (t) = U(t) and there are no further indices θ. Let us stress that in the following
V̂ (t) = ΠV (t)Π∗ is the contraction lift, but Û(t) is the unitary solution of (6), and these
objects are not the same.
As U = U(2π) = 1, also Û − 1̂ ∈ Ed and there exists a sequence of smooth functions as
above converging to the continuous function G with jump 1 at 1 = eı0, given by G(eıϕ) = ϕ
2π
.
For this function,
e−2πıG(Û ) − 1̂ = Û∗ − 1̂ .
Hence one has to show Θ−1(Ind([V ]1)) = [Û
∗]1.
For the calculation of the image of the index map Ind([V ]1) ∈ K0(SEd) one usually uses
the fact that the diagonal operator diag(V (t), V (t)∗) has a unitary lift to M2(T (Ad)), the 2× 2
matrices with entries from T (Ad). This lift can be used, and will be used in the proof of
Theorem 1 below. However, there is another lift which from a physical perspective is more
natural, namely one can simply use the unitary V (t) on the full space and decompose it into
upper and lower half:
V (t) =
(
V̂ (t) ΠV (t)(Πc)∗
ΠcV (t)Π∗ ΠcV (t)(Πc)∗
)
,
where Πc : ℓ2(Zd,CL) → ℓ2(Zd−1 × N−,C
L) is the partial isometry onto the lower half (here
N = {0, 1, 2, . . .} and N− = {−1,−2, . . .}). One problem is that three of the matrix entries
of V (t) are not in T (Ad) (or more precisely, are not representatives of elements in T (Ad)). It
is, however, possible to reflect the lower half to the upper half via R : ℓ2(Zd−1 × N,CL) →
ℓ2(Zd−1 × N−,C
L) defined by
R|n1, n2〉 = | − n1,−n2 − 1〉 , n1 ∈ Z
d−1 , n2 ∈ N . (12)
This reflection satisfies R∗R = 1̂ = ΠΠ∗ and RR∗ = Πc(Πc)∗. Then for A ∈ Ad, one has
R∗ΠcA(Πc)∗R ∈ T (Ad), however, in a covariant representation with partially reversed mag-
netic translations. Some further details on this and R is given in Appendix A. Consequently,
the following is a unitary operator in M2(T (Ad)) (more precisely, a representative of such an
operator):
Ŵ (t) =
(
1̂ 0
0 R∗
)
V (t)
(
1̂ 0
0 R
)
=
(
V̂ (t) ΠV (t)(Πc)∗R
R∗ΠcV (t)Π∗ R∗ΠcV (t)(Πc)∗R
)
. (13)
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It satisfies Ŵ (0) = Ŵ (2π) = 1 = diag(1̂, 1̂), as well as the differential equation
ı ∂tŴ (t) = ı ∂t
(
1̂ 0
0 R∗
)
V (t)
(
1̂ 0
0 R
)
=
(
1̂ 0
0 R∗
)
ı ∂t V (t)
(
1̂ 0
0 R
)
= H˘(t) Ŵ (t) ,
where we set
H˘(t) =
(
1̂ 0
0 R∗
)
H(t)
(
1̂ 0
0 R
)
∈ M2(T (Ad)) . (14)
Moreover, Ŵ (t) is indeed a suitable lift for the calculation of the index map because it is unitary
and projects down to a diagonal unitary with the upper left entry equal to V (t). (Note that it
is not necessary that the lower right entry is V ∗, see [21], but in the proof of Theorem 1 below
this standard choice is used.) Thus [17, 21, 16]
Ind([V ]1) =
[
Ŵ (t)
(
1̂ 0
0 0
)
Ŵ (t)∗
]
0
−
[(
1̂ 0
0 0
)]
0
.
The projection in the first bracket can be evaluated
P˜ (t) = Ŵ (t)
(
1̂ 0
0 0
)
Ŵ (t)∗ =
(
V̂ (t)V̂ ∗(t) V̂ (t)ΠV (t)∗(Πc)∗R
R∗ΠcV (t)Π∗V̂ ∗(t) R∗ΠcV (t)ΠΠ∗V (t)∗(Πc)∗R
)
.
Even though Ŵ (t) is only in M2(T (Ad)), this formula shows that P˜ (t) lies in M2(E
+
d ) because
R∗ΠcV (t)Π∗ lies in Ed.
Given the loop t ∈ [0, 2π] 7→ P˜ (t) ∈ M2(E
+
d ), let us now calculate the associated adiabatic
evolution as in Section 4.1.5 in [16]:
ı ∂tW˜ (t) =
(
A˜(t) + ı[∂tP˜ (t), P˜ (t)]
)
W˜ (t) , W˜ (0) =
(
1̂ 0
0 1̂
)
,
where A˜(t) = A˜(t)∗ ∈M2(E
+
d ) satisfying [A˜(t), P˜ (t)] = 0 can be chosen freely, but this freedom
will not be used later on, that is, we simply set A˜(t) = 0. The solution W˜ (t) is a unitary in
M2(E
+
d ) which according to Proposition 4.1.8 in [16] – nothing but the standard result on the
adiabatic evolution of a path of projections – is given by
P˜ (t) = W˜ (t)P˜ (0)W˜ (t)∗ = W˜ (t)
(
1̂ 0
0 0
)
W˜ (t)∗ .
Some word of caution: one should not conclude that W˜ (t) is equal to Ŵ (t). Indeed, W˜ (t) ∈
M2(E
+
d ) lies in the unitized edge algebra, but Ŵ (t) is only a half-space operator in M2(T (Ad)).
Now as P˜ (0) = P˜ (2π), it follows that W˜ (2π) = diag(u, v) is diagonal with two unitaries u and
v in E+d . By Theorem 4.1.9 in [16] one now has
Θ−1(Ind([V ]1)) = [u]1 . (15)
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Hence we need to calculate the solution of the adiabatic equation and show that u is homotopic
to Û∗ in E+d .
For the homotopy argument, let us modify the Hamiltonian in (14) as follows:
H˘λ(t) =
(
Ĥ(t) λ k(t)
λ k(t)∗ Ĥ ′(t)
)
=
(
Ĥ(t) 0
0 Ĥ ′(t)
)
+ λK(t) , (16)
where k(t) ∈ Ed and K(t) = K(t)
∗ ∈ M2(Ed) couple lower and upper halves, and Ĥ
′(t) ∈ T (Ad)
is the (reflected) Hamiltonian on the lower half. Then H˘1(t) = H˘(t), and H˘0(t) is diagonal.
Associated with H˘λ(t), there is the unitary solution
ı ∂tŴλ(t) = H˘λ(t) Ŵλ(t) , Ŵλ(0) = 1 =
(
1̂ 0
0 1̂
)
. (17)
Due to the change in the dynamics, t ∈ [0, 2π] 7→ Ŵλ(t) will not be a loop any longer. Crucial is,
however, that the perturbation K(t) is in Ed and therefore by a standard perturbative argument
(DuHamel’s formula) also the end point Ŵλ(2π) differs from Ŵ1(2π) = 1 merely by an operator
from Ed. Thus Ŵλ(2π) ∈ M2(E
+
d ) for all λ. Also note that
Ŵ0(2π) =
(
Û 0
0 Û ′
)
,
for some unitary Û ′ ∈ E+d which will not be used below, but is essentially the Floquet operator
of the lower half. From Ŵλ(t) one gets
P˜λ(t) = Ŵλ(t)
(
1̂ 0
0 0
)
Ŵλ(t)
∗ ,
which by locality of H˘λ(t) is a path in M2(E
+
d ), but this is also not a loop any longer. Let us
consider the associated adiabatic equation
ı ∂tW˜λ(t) = ı[∂tP˜λ(t), P˜λ(t)] W˜λ(t) , W˜λ(0) =
(
1̂ 0
0 1̂
)
. (18)
For the calculation of the commutator, let us note that
ı ∂tP˜λ(t) = ı ∂t
(
Ŵλ(t) P˜λ(0) Ŵλ(t)
∗
)
= H˘λ(t)P˜λ(t)− P˜λ(t)H˘λ(t) ,
and thus, still with 1 = diag(1̂, 1̂),
ı [∂tP˜λ(t), P˜λ(t)] = ı ∂tP˜λ(t) P˜λ(t) − ı P˜λ(t) ∂tP˜λ(t)
= (1− P˜λ(t)) ı ∂tP˜λ(t) P˜λ(t) − P˜λ(t) ı ∂tP˜λ(t) (1− P˜λ(t))
= (1− P˜λ(t)) H˘λ(t) P˜λ(t) + P˜λ(t) H˘λ(t) (1− P˜λ(t)) .
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In particular, this shows that the commutator is in Ed and therefore also the solution W˜λ(t) of
(18) lies in M2(E
+
d ) for all t. For λ = 0, one has P˜0(t) = diag(1̂, 0) and therefore W˜0(t) = 1 for
all t.
We are interested in the upper left entry of W˜1(2π) = W˜ (2π) = diag(u, v). To connect it
to Û∗, let us consider the evolution of Ŵλ(t)
∗W˜λ(t). From (17) and (18), one deduces
ı ∂t
(
Ŵλ(t)
∗W˜λ(t)
)
= − Ŵλ(t)
∗
(
H˘λ(t)− H˜λ(t)
)
Ŵλ(t) Ŵλ(t)
∗W˜λ(t) ,
as well as Ŵλ(0)
∗W˜λ(0) = 1. However,
H˘λ(t)− H˜λ(t) = P˜λ(t)H˘λ(t)P˜λ(t) + (1− P˜λ(t)) H˘λ(t) (1− P˜λ(t)) ,
and therefore
Ŵλ(t)
∗ (H˘λ(t)− H˜λ(t)) Ŵλ(t)
= P˜λ(0) Ŵλ(t)
∗ H˘λ(t) Ŵλ(t) P˜λ(0) + (1− P˜λ(0)) Ŵλ(t)
∗ H˘λ(t) Ŵλ(t) (1− P˜λ(0))
is diagonal. Hence Ŵλ(t)
∗W˜λ(t) is diagonal for all t ∈ [0, 2π] and λ ∈ [0, 1]. Furthermore,
Ŵλ(2π)
∗W˜λ(2π) is in M2(E
+
d ) for all λ because each factor is. Thus this provides a homotopy
between Ŵ1(2π)
∗W˜1(2π) = W˜ (2π) = diag(u, v) and Ŵ0(2π)
∗W˜0(2π) = diag(Û , Û
′)∗ inside the
diagonal operators in M2(E
+
d ). In particular, u is homotopic to Û
∗ in the unitaries in E+d . This
finishes the proof of (15) in the special case U(2π) = 1 which by the above arguments implies
the general case. ✷
Proof of Theorem 1. As in the above proof, let V (t) = U(t) ∈ A. Let then V̂ (t) ∈ B be a
contraction lift of V (t). A unitary lift of W (t) = diag(V (t), V (t)∗) is now the Halmos dilation
of V̂ (t):
Ŵ (t) =
(
V̂ (t) (1̂− V̂ (t)V̂ (t)∗)
1
2
(1̂− V̂ (t)∗V̂ (t))
1
2 V̂ (t)∗
)
.
This replaces (13). Because ı ∂tW (t) = diag(H(t),−H(t))W (t), one has again a differential
equation ı ∂tŴ (t) = H˘(t) Ŵ (t) where now H˘(t) = diag(Ĥ(t),−Ĥ(t)) + K(t) with another
K(t) ∈ M2(E). The coupling term K(t) can be tuned down as in (16) and this then leads to
Ŵλ(t) as in (17). Now all elements are in place to repeat the proof above. ✷
Theorem 2 directly implies links of the bulk invariant to a boundary invariants. For d = 2
this proves the claims of [18].
Corollary 1 Under the same assumptions as in Theorem 2, one has for any index set J ⊂
{1, . . . , d− 1} of odd cardinality
Ch{0}∪J∪{d}(Vθ) = C˜hJ
(
e−2πıGθ(Û )
)
.
For dimension d = 2,
Ch{0,1,2}(Vθ) = Nθ .
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Proof. The duality results Theorems 5.5.1 and 5.4.1 in [16] show
Ch{0}∪J∪{d}(Vθ) = C˜h{0}∪J
(
Ind([Vθ]1)
)
= C˜hJ
(
Θ−1(Ind([Vθ]1))
)
,
so that replacing Theorem 2 shows the first claim. The second claim follows by the same
argument as in the proof of Proposition 3. ✷
4 Topological quantum walks
A d-dimensional quantum walk is given by a succession of unitary operators U(1), . . . , U(N)
on ℓ2(Zd,CL), which are obtained by what is often called a protocol [14]. Their product then
defines the analog of the Floquet operator of a periodically driven system:
U = U(N) · · ·U(1) . (19)
Similarly as in [7], the following assumptions are imposed here:
(i) For n = 1, . . . , N , U(n) ∈ Ad is differentiable w.r.t. ∇1, . . . ,∇d.
(ii) U is insulating in the sense that it has gaps in its spectrum.
(iii) For each n = 1, . . . , N there is given H(n) ∈ Ad such that U(n) = e
2πıH(n).
The hypothesis (i) means that each U(n) is local (on the d-dimensional lattice), and (iii) states
that each individual step U(n) is topologically trivial as it specifies a path s ∈ [0, 1] 7→ e2πısH(n)
of unitaries connecting U(n) to the identity. If U(n) is gapped, an effective Hamiltonian H(n) is
given by taking a suitable logarithm of U(n). However, let us stress that there are several choices
possible and that they may alter the topology of the quantum walk. Hence the hypothesis is
that one such choice has been made and is natural, see the discussions in [7, 12]. Let us note
that, even if U(n) is a finite range operator, the effective Hamiltonian H(n) typically is not
of finite range. There may, however, be other paths s ∈ [0, 1] 7→ U(n)s of unitaries from 1 to
U(n) which are homotopic to the above path in Ad and which are of finite range.
From the above data, one can now define a time-dependent 2π-periodic Hamiltonian:
H(t) =
N∑
n=1
N H(n) χ
(
t ∈ [2π n−1
N
, 2π n
N
)
)
. t ∈ [0, 2π) , (20)
where χ denotes the indicator function. By construction the associated Floquet operator co-
incides with U given by (19). Consequently, the definitions and facts from periodically driven
systems as developed in Section 2 can be directly applied. Also the bulk-boundary correspon-
dence given in Section 3 holds, but the choice of the half-space quantum walk deserves some
discussion. Of course, one can work with the half-space reduction Ĥ(t) of (20), and then (6)
does provide Û(t) and Û = Û(2π), but even if U was finite range, this typically does not lead
to a finite range half-space quantum walk Û . On the other hand, there are natural ad hoc ways
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to modify the quantum walk at the boundaries [11, 14] and this just reflects that different lifts
into the half-space algebra can be chosen. In a given situation, one has to analyze whether this
natural construction is homotopic to the above construction.
Let us illustrate all the above by dealing with a concrete example, namely the Chalker-
Coddington model. We follow closely [11, 7]. In the above framework, the Hilbert space is
ℓ2(Z2,C2) and there are 4 steps, two which are invariant under translation and specified by a
parameter β ∈ [0, π]
U(1) =
(
sin(β)S1 cos(β)
cos(β) − sin(β)S∗1
)
, U(3) =
(
cos(β) sin(β)S2
sin(β)S∗2 − cos(β)
)
,
and two which are diagonal and given by real random processes of i.i.d. angles φj = (φj(n))n∈Z2
with j = 1, 2, 3, 4 and a coupling constant λ ≥ 0:
U(2) =
(
eıλφ1 0
0 eıλφ2
)
, U(4) =
(
eıλφ3 0
0 eıλφ4
)
.
For λ = 0 and β 6= π
4
, the unitary U is gapped and has two bands. This remains true for
sufficiently small λ. As shown in [7], both bands have trivial two-dimensional Chern numbers
and hence Proposition 3 does not allow to conclude that there are non-trivial edge channels
Nθ and Nθ′ in the two gaps containing e
ıθ and eıθ
′
. However, it is also shown in [7] that
Ch{0,1,2}(Vθ) = 1 and Ch{0,1,2}(Vθ′) = 1 so that Nθ = Nθ′ = 1 by Corollary 1. These edge
bands were first found in [11]. The results of [7] combined with the present paper explain
the topological origin of these edge channels and also show their stability against disordered
perturbations, in analogy to the situation in the quantum Hall effect [20, 13, 8].
A Resume´ on covariant operator families
This appendix reviews the C∗-algebraic description of covariant operators as introduced by
Bellissard [4]. Let us consider operators on a d-dimensional lattice Hilbert space ℓ2(Zd) ⊗ CL
with L-dimensional fiber. An orthonormal basis is given by |n, l〉 with n = (n1, . . . , nd) ∈ Z
d
and l = 1, . . . , L. The shift operators and position operator are defined by
Sj|n, l〉 = |n+ ej , l〉 , Xj |n, l〉 = nj |n, l〉 ,
where j = 1, . . . , d and ej is the jth standard basis vector. If a constant magnetic field is given
by a real antisymmetric d × d matrix B = B+ − B− with lower triagunlar part B+, then the
magnetic translations (in the Landau gauge) are (see [16])
Vj = e
ı 〈X|B+|ej〉 Sj ,
where ej is the jth vector of the standard basis of R
d and the euclidean scalar product has been
used. Let now (Ω, τ,Zd,P) be a compact space equipped with a Zd-action τ = (τ1, . . . , τd) and
an invariant and ergodic probability measure P. It is called the space of disorder or crystalline
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configurations. A finite-range covariant operator family A = (Aω)ω∈Ω consists of bounded
operators on ℓ2(Zd) ⊗ CL, strongly continuous in ω, with 〈n|Aω|n
′〉 = 0 for |n − n′| > ρ for
some finite ρ, and satisfying the covariance relation
VjAωV
∗
j = Aτjω , a ∈ Z
d .
Products and adjoints of such families are again covariant operator families. A C∗-norm on the
short-range covariant families is given by ‖A‖ = supω∈Ω ‖Aω‖ and the corresponding closure is
the reduced twisted C∗-crossed product algebra Ad = C(Ω)⋊B Z
d. An abstract way to define
this algebra Ad is to say that it is generated by d unitaries u1, . . . , ud and together with C(Ω) if
the relations uiuj = e
ıBi,jujui and ujf(ω)u
∗
j = f(τjω) hold. The representation of the unitaries
are then the so-called dual magnetic translations. On the algebra Ad are defined unbounded
and closed ∗-derivations ∇ = (∇1, . . . ,∇d) by
(∇jA)ω = ı[Aω, Xj] . (21)
Note that the r.h.s. is again formally covariant, but it is not in Ad for all covariant operator
families. The common domain is denoted by C1(Ad). On it, the Leibniz rule holds
∇(AB) = (∇A)B + A(∇B) .
Finally, a positive trace T on Ad is introduced by
T (A) =
∫
Ω
P(dω) Tr
(
〈0|Aω|0〉
)
. (22)
Indeed, one has T (A∗A) ≥ 0 and T (A∗) = T (A) as well as T (AB) = T (BA). Furthermore
T (|AB|) ≤ ‖A‖ T (|B|) and T (∇A) = 0 for A ∈ C1(Ad), so that also the partial integration
T (A∇B) = −T (∇AB) holds for A,B ∈ C1(Ad). Moreover, Birkhoff’s ergodic theorem implies
that
T (A) = lim
N→∞
1
(2N + 1)d
∑
|n|≤N
Tr
(
〈n|Aω|n〉
)
, (23)
for P-almost all ω ∈ Ω. This shows that T is the trace per unit volume.
For the description of operators on the half-space Hilbert space ℓ2(Zd−1 × N)⊗ CL, we use
as in [13, 16] the Toeplitz extension T (Ad) of Ad given by operator families Â = (Âω)ω∈Ω of
the form
Âω = ΠAω Π
∗ + A˜ω , (24)
where Π : ℓ2(Zd) ⊗ CL → ℓ2(Zd−1 × N) ⊗ CL is the partial isometry given by restriction of
wave functions and A˜ω is norm limit of operators acting only on a strip Z
d−1 ×{1, . . . , N} and
being covariant in the infinite directions, that is, VjA˜ωV
∗
j = A˜τjω for j = 1, . . . , d − 1. In the
terminology of [13, 16], A˜ lies in the ideal Ed ⊂ T (Ad) of edge operators. The three C
∗-algebras
form a short exact sequence
0 → Ed
i
−→ T (Ad)
π
−→ Ad → 0 (25)
14
which is used to prove the bulk-boundary correspondence. An alternative abstract way to
define T (Ad) is the following (see [16]). It is generated by unitaries uˆ1, . . . , uˆd−1, a partial
isometry uˆd, C(Ω) and a supplementary projection eˆ such that, on top of the relations uˆiuˆj =
eıBi,j uˆjuˆi and uˆjf(ω)uˆ
∗
j = f(τjω), one has uˆduˆ
∗
d = 1 − eˆ and uˆ
∗
duˆd = 1, and eˆ commutes with
uˆ1, . . . , uˆd−1 and C(Ω). Now let T−(Ad) be defined similarly from u˘1, . . . , u˘d, C(Ω) and e˘, but
using the modification u˘du˘
∗
d = 1 and u˘
∗
du˘d = 1 − e˘. An isomorphism ϕ : T−(Ad) → T (Ad)
is obtained by ϕ(u˘j) = uˆ
∗
j , ϕ(e˘) = eˆ and ϕ(f)(ω) = f(rω) where rω is the reflection of the
configuration defined by r
(
(ωn)n∈Zd
)
= (ω−n−ed)n∈Zd. Further, let π˘ω be the representations
of T−(Ad) on ℓ
2(Zd−1 × N−,C
L), defined just as the representation πˆω of T (Ad) in [16]. Then
with the reflection R defined in (12), one has πˆω(ϕ(A˘)) = R
∗π˘rω(A˘)R. As VjR
∗ = R∗V ∗j for
j = 1, . . . , d − 1, one has the covariance relation V ∗j π˘ω(A˘)Vj = π˘τjω(A˘), namely with reversed
order to the magnetic translations. Hence the operator in (13) is covariant w.r.t. Vj ⊕ V
∗
j .
On Ed exists a densely defined trace T˜ defined by
T˜ (A˜) = E
∑
nd≥0
Tr 〈0, nd|A˜ω|0, nd〉 ,
where the 0 on the r.h.s. is the origin in Zd−1. This trace is the the trace per unit volume along
the boundary combined with the usual trace in the direction perpendicular to the boundary.
More informations on this trace and T˜ -traceclass operators can be found in [16].
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